Optomechanical oscillators (OMOs) combine the co-existing high quality factor mechanical and optical resonances in an integrated device to realize low phase noise RF oscillations. While several attempts have been demonstrated towards modeling the phase noise in such oscillators, the close-to-carrier phase noise models in literature do not account for 1/f 3 (pink noise) and higher order slopes in the phase noise spectra. Here we present a phase noise model, corroborated with experimental characterization of phase noise of two monolithic integrated silicon OMOs, accounting for contributions to the phase noise due to thermomechanical, and adsorption-desorption (AD) noise. The model shows good agreement with experimental data and provides further insights into the mechanisms underlying the noise processes contributing to different slopes in the phase noise spectra in OMOs.
OMOs exhibit self-sustained mechanical oscillations of cavity resonators possessing high quality factor mechanical and optical resonances [1] . The large spatial overlap of the mechanical and optical resonances generates optical back-action through the radiation pressure force, that can be tuned to be sufficiently large to overcome intrinsic mechanical damping in the resonators, resulting in oscillations. Various quantum phenomena such as quadrature squeezing of light, parametric sideband and feedback cooling of mechanical oscillator close to its quantized zero point energy state, quantum phase fluctuations, etc. can be realized using OMOs [2] [3] [4] . The phase noise of OMOs is an important parameter that determines performance of these oscillators [5, 6] and should be accurately quantified for classical and quantum phase fluctuation experiments. The source of micro-mechanical oscillator phase noise can be attributed to thermal and mechanical fluctuations, photon shot noise, adsorption-desorption (AD) noise processes, and various other phenomena studied in the MEMS and NEMS communities [7, 8] . Phase noise modeling literature for OMOs [5, 9, 10] does not adequately capture these noise sources, and consequently there are several demonstrations with higher order frequency slopes in the close-to-carrier phase noise spectra, that are not correctly accounted for [9, 11] . In this paper, we measure and study the phase noise of two monolithic integrated silicon OMOs measured in a liquid nitrogen cooled vacuum chamber. The phase noise spectrum exhibits different slopes, indicating that different sources of noise dominate in different offset frequency regimes. We derive an analytical model that captures the contribution of thermomechanical and AD noise sources. We observe that AD noise processes dominate in vacuum at low temperatures, while thermomechanical noise sources dominate at ambient conditions. Figure 1 shows the Scanning Electron Micrographs (SEM) of the optomechanical resonators (OMO 1 and OMO 2 ) used in our experiment, that are both coupled silicon ring resonators. The resonators are comprised of two coupled micro-mechanical rings that differ in their lateral dimensions (refer Table I ). The fabrication process and design details of these ring resonators are presented in earlier work [12] . Figure 2 illustrates the experimental setup used to study the oscillator phase noise. The opto-mechanical ring resonator (labelled Ring opt in Figure 1 (a) and (b)) is optically coupled to the on-chip waveguide. Laser light from a tunable semiconductor diode laser operating in C-and L-bands (SANTEC TSL-510) is coupled to the waveguide using on-chip grating couplers and the laser wavelength is chosen such that it is blue-detuned to a high quality factor optical resonance of the resonator. Mechanical oscillations of the OMO excited by the radiation pressure force result in amplitude modulation of the light which is in turn converted into RF electrical signal using a Newport 1544-A photoreceiver connected at the output port of the waveguide. The oscillator phase noise is measured using an Agilent 5052B signal source analyzer. It is important to note that the two rings in an OMO are strongly coupled to each other through the mechanical coupling beam, and thus both rings undergo mechanical oscillations. The ring labeled Ring mech is used for capacitive transduction, when the device is operated with electrical feedback as an opto-acoustic oscillator [13] .
The oscillator frequency is affected by thermal fluctuations arising from additive white noise sources in the resonator.
The oscillation linewidth due to these thermal noise sources is represented as ∆Ω = 1 2π
, where k B is the Boltzmann constant, T is the temperature, m ef f is the effective mass of the resonator, Ω 0 (= 2πf 0 ) is the angular resonant frequency of the mechanical oscillator, ∆Ω 0 (= Ω 0 /Q mech ) is the intrinsic mechanical oscillation linewidth, Q mech is the quality factor of the mechanical resonance, and r is the radial displacement amplitude of the optomechanical oscillator corresponding to the radiation pressure force [5, 9] . Therefore, the expression for thermomechanical phase noise density function can be represented using the Leeson model for electronic oscillators [14] as follows:
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( 1) where A 2 /2 is the signal power at oscillation frequency. The impact of adsorption, desorption, and diffusion of ambient gaseous flux on phase noise in micromechanical resonators has been studied systematically, through pioneering work by Yong and Vig [8] . The ambient gas molecules adsorbed on resonator surfaces are highly localized and can interact with each other, facilitating multilayer adsorption. Extremely localized adsorption occurs due to the dominance of the strong surface potential over the kinetic energy of the adsorbed molecule. In our model we assume that each site on the resonator surface is occupied by only one gas molecule. Following Langmuir adsorption model [15] , considering Maxwell-Boltzmann distribution and partition function of finite number of adsorbates in a canonical ensemble, we have the adsorption rate of each site represented as r a =
sA site , where P and T are the ambient pressure and temperature, M is the mass of the adsorbed molecule, s is the sticking coefficient of the adsorbed molecule (0 ≤ s ≤ 1), and A site is the area of the adsorbed site. In our experiment, the resonator is surrounded by air, and hence we assume A site = πr 2 N2 , where r N2 = 0.188nm is the Lennard-Jones radius of N 2 molecule [16] . The molecular desorption rate from the surface can be expressed in terms of Arrhenius equation r d = ν d e −Ea/k B T , where k B is the Botzmann constant, ν d is the desorption attempt frequency [8] , and E a is the binding energy of the adsorbed molecule.
Adsorption-desorption (AD) can be modeled as a random stochastic process occurring on the resonator surface, represented as the summation of time dependent Bernoulli random variable function b i (t) corresponding to each adsorption site i [17] . The number of adsorption sites can be represented as N = aN t , where a and N t are the adsorption probability and the total number of sites on the oscillator surface, respectively. If a site i is occupied, the corresponding Bernoulli random variable b i (t) = 1, and if unoccupied b i (t) = 0. These random events are assumed to be stationary and mutually independent. These random processes cause mass fluctuation, and in turn lead to ). Here ρ A is the mass per unit area of the adsorbed molecule, and ρ Aef f is the effective mass per unit area of the resonator. [8] . In order to obtain an expression for spectral phase noise density function, we need to consider the autocorrelation function R(t) = E[f (t+τ )f (t)], where E[x] represents the expectation value of the function x, and τ represents the time lapse between two AD processes. A random physical process such as the Bernoulli random process taking place between time interval t and (t + τ ) can be represented in terms of Poisson distribution function, whose probability mass function is P (A n ) = (λ|τ ) n n! e −λ|t| . Therefore, the autocorrelation function R(t) can be represented as:
Here 2λ = ) is the correlation time, and σ 2 represents the variance of the frequency fluctuation function f (t), and can be written as:
where p = ra ra+r d is the probability of a site to be occupied when adsorption occurs. The spectral density function S f (f ) corresponding to frequency noise can be obtained by taking the Fourier transform of the autocorrelation function R(t) following Weiner-Khinchin theorem [18] , which yields
The spectral phase noise density function is expressed in terms of the frequency noise as S φADN (f ) = 1 f 2 S f (f ), and can be represented as
We have obtained the phase noise spectra for two coupled ring resonator systems, OMO 1 and OMO 2 (see Fig. 1 ). OMO 1 has been used to study the environmental influence (such as change in ambient temperature and pressure) on oscillators, whereas OMO 2 has been studied to understand how effectively different mechanical modes (like wineglass mode and radial breathing mode) affect an oscillator. The resonators have high quality factor optical resonances exceeding 30, 000 in the C-band in vicinity of 1550nm. The TSL-510 laser wavelength is blue detuned to a high quality factor optical resonance to excite radiation pressure driven self-sustained mechanical oscillations in these resonators. The radial breathing mode with frequency 176MHz [12] is studied for OMO 1 at room pressure and temperature and also at low pressure and temperature, while for OMO 2 two different modes are studied at low pressure and temperature, namely the radial breathing mode and wineglass mode [13] . The goal of the OMO 1 study is to understand which noise source (thermomechanical vs. AD) is dominant at these vastly different operating ambient conditions, and the goal of the OMO 2 study is to understand how different mechanical modes are affected by AD phase noise. The measurement conducted on OMO 1 for room temperature (300K) and pressure (101.325kP a) required a modification to the experimental setup shown in Figure 2 . An external feedback loop [13] is required to launch mechanical oscillations due to the high threshold power for radiation pressure driven oscillations. The corresponding phase noise spectrum is shown in Figure 3(a) . The amplifier flicker (pink) noise and the thermomechanical noise models agree well with the experimental data (see Table. I for all parameter values used for the phase noise model).
For the theoretical fitting, we have considered 1kcal/mol ≤ E a ≤ 12kcal/mol [7, 19, 20] , 10kHz ≤ ν d ≤ 10T Hz [7] , and 0 ≤ a ≤ 1 as constraints for the curve fits. The cubic term in the denominator term of equation (5) dominates at room temperature and pressure, and hence the contribution of the AD phase noise appears as 1/f 2 and has 4 orders of magnitude lower contribution to the phase noise as compared to the amplifier flicker noise and thermomechanical noise. At low temperature (203K) and pressure (5mP a), the phase noise spectrum shows 1/f 4 dependence on the frequency offset from carrier, which fits well with the modeled AD phase noise as shown in Figure 3(b) . The external feedback loop is not necessary for low temperature, as the mechanical quality factor is sufficiently high to lower the threshold optical power required to launch self sustained oscillators, within the operating range of the TSL-510.
The adsorbates are considered to be nitrogen molecules in the model, as nitrogen accounts for 78% of the air inside the chamber. The surface area of the device (consisting of top and bottom surfaces of two rings) exposed to the impinging molecules is ≈ 4π(r nitrogen molecule [16] ). Here, N (= aN t ) can be considered as the number of available adsorption sites, where a is the adsorption probablity and N t is the total number of sites in the resonator. The rate of adsorption is r a = sI, where
A site ) is the impinging rate of the N 2 molecules adsorbed on the device surface per unit area per unit time. The sticking coefficient s is assumed to be equal to 1, as conventionally assumed for impinging of inert atoms/molecules on cold surfaces [22] . For the desorption rate of the atoms leaving the device surface, we follow the temperature dependent Arrhenius equation where the activation energy corresponding to surface diffusion process is far less than that of desorption process. The modeled AD phase noise model fits the experimental data well for E a = 10kcal/mol = 434meV and ν d ≈ 9T Hz. The best-fit E a value is significantly greater than the surface diffusion energy reported for many inert gas-dielectric interaction surfaces with E dif f < 100meV [7, 23] . Moreover, the best fit E a value also lies in the range of 200meV − 500meV , thereby agreeing with the desorption activation energy values reported in many systems involving inert gas-dielectric AD interactions [7, 19, 20] . This suggests that the dominant mechanism at play in these experiments is desorption rather than the surface diffusion.
To study the AD phase noise dependence on different mechanical modes (namely, wineglass and radial modes), we have performed the experiment with OMO 2 that has lower mechanical resonance frequencies and thereby lower threshold optical power for radiation pressure driven self-sustained oscillations [9] . The phase noise spectra for both modes measured at T = 78K have been shown in Figure 4 . The modeled thermomechanical (equation 1) and AD (equation 1) phase noise agree well with the experimental data for parameters provided in Table I . The effective mass of the wineglass mode is roughly one-third the mass of the coupled-rings, whereas the effective mass of the radial breathing mode is approximately half of the total mass of the coupled-ring resonator [24] . The best-fit adsorption probability a differs for both modes, and the best-fit adsorption binding energy E a is 4kcal/mol = 170meV for both modes, which suggests that desorption dominates compared to lateral diffusion of adsorbed molecules [7] .
In conclusion, we present a model for contribution to optomechanical oscillator phase noise due to adsorptiondesorption of ambient gas molecules on the resonator surface, following phase noise models reported for MEMS and NEMS oscillators [7, 8] . The model is validated with experimentally measured phase noise spectra for two coupled silicon micro-mechanical ring oscillators, for two different mechanical modes (wineglass and radial breathing modes). The phase noise model presented in this work supplements previously reported models for opto-mechanical oscillators [5, 9, 10] and explains previously unexplained source of 1/f 4 phase noise in optomechanical oscillators [9, 11] . ACKNOWLEDGMENT: The micro-mechanical devices reported in this work were fabricated at the Cornell NanoScale Science & Technology Facility (CNF). The authors thank Prof. Swati Singh at the University of Delaware
